In this paper, we prove the concavity of the Shannon entropy power for the heat equation associated with the Laplacian or the Witten Laplacian on complete Riemannian manifolds with suitable curvature-dimension condition and on compact super Ricci flows. Under suitable curvature-dimension condition, we prove that the rigidity models of the Shannon entropy power are Einstein or quasi Einstein manifolds with Hessian solitons. Moreover, we prove the convexity of the Shannon entropy power for the conjugate heat equation introduced by G. Perelman on Ricci flow and that the corresponding rigidity models are the shrinking Ricci solitons. As an application, we prove the entropy isoperimetric inequality on complete Riemannian manifolds with non-negative (Bakry-Emery) Ricci curvature and the maximal volume growth condition.
Introduction
In his 1948 seminal paper [30] , Shannon introduced the notion of entropy power for continuous random vectors and discovered the Entropy Power Inequality (EPI). More precisely, let X be an n-dimensional continuous random vector with probability distribution f (x)dx, and
be the Boltzmann-Shannon differential entropy of X or f . The Shannon entropy power of X or f is defined as follows N (X) = N (f ) = e 2 n H(X) .
The Entropy Power Inequality (EPI) can be stated as follows: Let X and Y be two independent continuous random vectors with values in R n . Then
Equivalently, for any two probability density functions f and g on R n , we have
where f * g denotes the convolution of f and g. For the first complete proof of the Entropy Power inequality (1) or (2) , see Stam [31] and Blachman [2] . See also [7] . In [6] , Costa proved the concavity of the Shannon entropy power along the heat equation on R n . More precisely, let u(x, t) be the unique solution to the heat equation on R n ∂ t u = ∆u, u(x, 0) = f (x).
Let H(u(t)) = − R u log udx be the differential entropy associated to the heat distribution u(x, t)dx at time t, and N (u(t)) = e 2 n H(u(t)) .
be the Shannon entropy power of u(x, t)dx at time t. Then d 2 dt 2 N (u(t)) ≤ 0.
(
By Itô's theory, the Stratonovich SDE on M
where U t is the stochastic parallel transport along the trajectory of X t , with initial data X 0 = x and U 0 = Id TxM , defines a diffusion process X t on M with infinitesimal generator L. Moreover, the transition probability density of the L-diffusion process X t with respect to µ, i.e., the heat kernel p t (x, y) of the Witten Laplacian L, is the fundamental solution to the heat equation
In [1] , Bakry and Emery proved the generalized Bochner formula L|∇u| 2 − 2 ∇u, ∇Lu = 2 ∇ 2 u 2 HS + 2Ric(L)(∇u, ∇u),
where u ∈ C 2 (M ), ∇ 2 u denotes the Hessian of u, ∇ 2 u HS is its Hilbert-Schmidt norm, and
is now called the (infinite dimensional) Bakry-Emery Ricci curvature associated with the Witten Laplacian L. For m ∈ [n, ∞), the m-dimensional Bakry-Emery Ricci curvature associated with the Witten Laplacian L is defined by
In view of this, we have
Here we make a convention that m = n if and only if φ is a constant. By definition, we have Ric(L) = Ric ∞,n (L).
Following [1] , we say that (M, g, φ) satisfies the curvature-dimension CD(K, m)-condition for a constant K ∈ R and m ∈ [n, ∞] if and only if Ric m,n (L) ≥ Kg.
Note that, when m = n, φ = 0, we have L = ∆ is the usual Laplacian on (M, g), and the CD(K, n)-condition holds if and only if the Ricci curvature on (M, g) is bounded from below by K, i.e., Ric ≥ Kg.
In the case of Riemannian manifolds with a family of time dependent metrics and potentials, we call (M, g(t), φ(t), t ∈ [0, T ]) a (K, m)-super Ricci flow if the metric g(t) and the potential function φ(t) satisfy
where
is the time dependent Witten Laplacian on (M, g(t), φ(t), t ∈ [0, T ]), and K ∈ R is a constant. When m = ∞, i.e., if the metric g(t) and the potential function φ(t) satisfy the following inequality
we call (M, g(t), φ(t), t ∈ [0, T ]) a (K, ∞)-super Ricci flow or a K-super Perelman Ricci flow. Indeed the (K, ∞)-Ricci flow (called also the K-Perelman Ricci flow)
is a natural extension of the modified Ricci flow ∂ t g = −2Ric(L) introduced by Perelman [28] as the gradient flow of F (g, φ) = M (R + |∇φ| 2 )e −φ dv on M × C ∞ (M ) under the constraint condition that the measure dµ = e −φ dv is preserved. For the study of the Li-Yau or Hamilton differential Harnack inequalities, W -entropy formulas and related functional inequalities on (K, m) or (K, ∞)-super Ricci flows, see [18, 19, 20, 21, 22, 23] and references therein. For super Ricci flows on metric and measure spaces, see [32] and references therein.
Now we state the main results of this paper. 
Then the Entropy Differential Inequality EDI(K, n) holds on (0, ∞)
with the initial boundary condition lim t→0+ tH ′ (u(t)) ≤ n 2 . Equivalently, the Entropy Power Concavity Inequality EPCI(K, n) holds on (0, ∞)
Moreover, the equality in (7) or (8) holds on (0, T ] for some T > 0 if and only if (M, g) is a Einstein manifold with Hessian soliton
where H ′ K is the solution to the entropy differential equation
In particular, if Ric ≥ 0, then N (u(t)) is concave on (0, ∞), i.e.,
Moreover, the equality in (10) holds on (0, T ] for some T > 0 if and only if M is isometric to R n , and
That is to say, the equality in (10) holds if and only if M is the Euclidean space R n with the Gaussian Ricci soliton. Then the Entropy Differential Inequality EDI(K, m) holds
with the initial boundary condition lim
Equivalently, the Entropy Power Concavity Inequality EPCI(K, m) holds on (0, ∞)
Moreover, , the equality in (11) or (10) holds on (0, T ] for some T > 0 if and only if (M, g) is a quasi-Einstein manifold with Hessian soliton Ric m,n (L) = Kg,
In particular, if Ric m,n (L) ≥ 0, then N (u(t)) is concave on (0, ∞), i.e.,
Moreover, the equality in (13) holds on (0, T ] for some T > 0 if and only if M is isometric to R n , φ is a constant, m = n, and
That is to say, the equality in (13) holds on (0, T ] for some T > 0 if and only if M is Euclidean space with the Gaussian Ricci soliton.
The following result extends Theorem 2.1 to compact (K, m)-super Ricci flows. then the Entropy Differential inequality (11) and the Entropy Power Concavity Inequality (12) hold on (0, T ]. Moreover, the equality in (11) or (12) holds if and only if (M, g(t), φ(t)) is a (K, m)-Ricci flow
and f is a Hessian soliton
The following result proves the convexity of the Shannon entropy power along the conjugate heat equation introduced by Perelman [28] on the Ricci flow. It can be used to characterize the shrinking Ricci solitons.
. Let u(t) be the fundamental solution to the conjugate heat equation
Then
In particular, the Shannon entropy power is convex on (0, T ], i.e.,
As application of the concavity of the Shannon entropy power on Riemannian manifolds, we have the entropy isoperimetric inequality on complete Riemannian manifolds with nonnegative Ricci curvature and with maximal volume growth condition.
Theorem 2.5 Let M be an n-dimensional complete Riemannian manifold with Ric ≥ 0. Suppose that there exists a constant C n > 0 such that the maximal volume growth condition holds V ol(B(x, r)) ≥ C n r n , ∀x ∈ M, r > 0.
Let u be the fundamental solution to the heat equation
Then the following isoperimetric inequality for Shannon entropy power holds: for any probability distribution f dv on M such that I(f ) and H(f ) well-defined, we have
and ω n denotes the volume of the unit ball in R n . Equivalently, the Stam type logarithmic Sobolev inequality holds: for any smooth function f such that The rest part of this paper is organized as follows. In Section 3, we prove the Entropy Differential Inequality (EDI) and the Entropy Power Concavity Inequality (EPCI) in Theorem 2.1 and Theorem 2.2 on complete Riemannian manifolds. In Section 4, we prove EDI and EPCI in Theorem 2.3 on compact (K, m)-super Ricci flows. In Section 5, we prove an interesting formula between the Shannon entropy power N , the Fisher information I and the W -entropy for the heat equation associated with the Laplacian or the Witten Laplacian on complete Riemannian manifolds or compact super Ricci flows. This yields an explicit formula for the second derivative of the Shannon entropy power. In Section 6, we prove the rigidity parts in Theorem 2.1, Theorem 2.2 and Theorem 2.3. In Section 7, we introduce the Shannon entropy power for the conjugate heat equation on Ricci flow and prove Theorem 2.4. In Section 7, we prove the entropy isoperimetric inequality in Theorem 2.5 and extend it to complete Riemannian manifolds with the CD(0, m)-condition and maximal volume growth condition.
Concavity of the entropy power on manifolds
In this section, we prove the concavity of the Shannon entropy power for the heat kernel distribution associated with the Witten Laplacian on complete Riemannian manifolds with the CD(K, m)-condition. We need the following entropy dissipation formulas for the heat equation associated with the Witten Laplacian on complete Riemannian manifolds with bounded geometry condition. In the case of compact Riemannian manifolds, it is a wellknown result due to Bakry and Emery [1] . Then
Moreover, we need the Li-Yau differential Harnack inequality or the Li-Yau-Hamilton differential Harnack inequality for the heat equation associated with the Witten Laplacian on complete Riemannian manifolds with CD(−K, m)-condition. When m = n, φ = 0, L = ∆ and Ric ≥ −Kg, they are due to Li-Yau [25] and Hamilton [12] . 
and the Li-Yau-Hamilton differential Harnack inequality holds
In particular, if Ric m,n (L) ≥ 0, then the Li-Yau differential Harnack inequality holds
Proof of EDI(K, m) and EPCI(K, m) in Theorem 2.2 and Theorem 2.1. By Theorem 3.1, we have
By [15] , under the condition Ric m,n (L) ≥ Kg, the solution to the heat equation ∂ t u = Lu is unique in L ∞ , and M ∂ t udµ = M Ludµ = 0. Thus, for any function α : [0, ∞) → R, we have
Let K − = max{0, −K}. By the Li-Yau Harnack estimate (17), for any α > 1 and t > 0, we have
or, by the Hamilton type Harnack estimate (18) , for any t > 0, we have
From each of the above differential Harnack inequalities, we can derive that
Now we prove the entropy differential inequality. By Theorem 3.1, we have
By [1, 15] , it holds
Integrating the above inequality on M with respect to uµ, and using the second entropy dissipation formula in Theorem 3.1, we get This proves the entropy differential inequality (11) . Finally, note that
The proof of EDI(K, m) and EPCI(K, m) in Theorem 2.2 is completed. Taking m = n and φ = 0 in Theorem 2.2, we can derive EDI(K, n) and EPCI(K, n) in Theorem 2.1.
Concavity of the entropy power on super Ricci flows
In this section, we prove the concavity of the Shannon entropy power for the heat distribution associated with the Witten Laplacian on compact (K, m)-super Ricci flows. We need the following entropy dissipation formulas for the heat equation associated with the time dependent Witten Laplacian on complete Riemannian manifolds with super Ricci flows. 
Proof of EDI(K, m) and EPCI(K, m) in Theorem 2.3. By the same argument as used in the proof of Theorem 2.1, we can prove that
Integrating the above inequality on M with respect to uµ, and using Theorem 4.1, we get The rest of the proof of ECI(K, m) and EPCI(K, m) in Theorem 2.3 is similar to the one of Theorem 2.2.
Shannon entropy power and W -entropy
In this section, we prove an interesting formula between the Shannon entropy power, the Fisher information and the W -entropy for the heat equation associated with the Laplacian or the Witten Laplacian on manifolds and on (K, m)-super Ricci flows. This derives an explicit formula for the second derivative of the Shannon entropy power which enables us to prove the rigidity theorem of the Shannon entropy power in Section 6. Let 
Inspired by Perelman [28] , we introduce the W -entropy by the Boltzmann entropy formula (see [16, 17, 18] )
By [16, 17, 18] , we have
Moreover, the following W -entropy formula has been proved in [16, 17, 18] 
In the case m = n, φ = 0 and L = ∆, this formula was due to Ni [26] . Note that
and
Hence
By the fact that
we prove the following NIW formula which has its own interest.
Theorem 5.1 The following NIW formula holds
Moreover,
In particular, under the condition Ric m,n (L) ≥ Kg, we have
Equivalently, the entropy power concavity inequality EPCI(K, m) holds.
Proof. It remains to prove (27) . Combining (26) with the W -entropy formula (23), we have m 2N
Using
to a = Lf − m 2t and b = ∇φ · ∇f + m−n 2t with ε = m−n n , we have Combining these with (28), we derive (27) . The EPCI(K, m) follows.
In particular, when m = n and φ = C, we have the following
The following NIW formula holds
Moreover, n 2N
In particular, under the condition Ric ≥ Kg, we have
Equivalently, the entropy power concavity inequality EPCI(K, n) holds.
Similarly, we can prove the following result which extends Theorem 5.1 to (weighted) complete Riemannian manifolds with Ricci curvature (or the m-dimensional Bakry-Emery Ricci curvature) bounded from below by a constant. To save the length of the paper, we omit the proof. 
Moreover, we have m 2N
In particular, under the condition Ric m,n (L) ≥ Kg (in time independent case) or compact (K, m)-super Ricci flow (time dependent case), i.e.,
we have
Equivalently, the entropy power concavity inequality EPCI(K, m) (i.e., (12)) holds.
Rigidity theorems for the Shannon entropy power
Now we prove the rigidity theorems for the Shannon entropy power on complete Riemannian manifolds with CD(K, m)-conditions and on compact (K, m)-super Ricci flows.
Proof of rigidity part in Theorem 2.1. By (30) in Theorem 5.2, in the case Ric ≥ Kg, assuming that d 2 N dt 2 = −2K dN dt holds on (0, T ] for some T > 0, then
By the Varadhan type small time asymptotic behavior of the heat kernel of ∂ t = ∆u on complete Riemannian manifolds
Thus ∆e − φ m−n = 0.
By the classical Strong Liouville theorem on R n , we can conclude that e − φ m−n must be a constant, which yields that φ must be a constant. Indeed, by the generalized CheegerGromoll splitting theorem proved by the second author with Fang and Zhang (see Theorem 1.3, p. 565 in [11] ), we can also derive that φ must be a constant. It follows that
and one can chose m = n. This yields that f (x, t) = x 2 4t for all t > 0, x ∈ M = R n and H(t) = n 2 log(4πet) and H ′ (t) = n 2t . This finishes the proof of Theorem 2.4. Similarly, the rigidity part in Theorem 2.3 can be proved by (33) in Theorem 5.3.
Shannon entropy power on Ricci flow
In this section we prove the convexity of the Shannon entropy power along the conjugate heat equation introduced by Perelman [28] on the Ricci flow. It can be used to characterize the shrinking Ricci solitons.
Let M be a compact manifold equipped with the Ricci flow
Let u(t) = e −f (4πt) n/2 be the fundamental solution to the backward heat equation
Let τ be such that ∂ t τ = −1.
Let
be the Shannon entropy. In [28] , Perelman introduced the following F -function and Wentropy
and proved the following beautiful formulas
In [16] , a probabilistic interpretation was given for the W -entropy on Ricci flow. Indeed, let
be the difference of the Shannon entropy H(g(τ ), u(τ )) of the heat kernel measure u(t)dv g(t) on Ricci flow and the Shannon entropy H(u) = n 2 log(4πet) of the Gaussian heat kernel u(t) = 1 (4πt) n/2 e − x 2 4t on R n . Then Perelman's W -entropy for the Ricci flow satisfies the Boltzmann entropy formula in statistical mechanics
Note that
which yields
where H ′ = dH dτ , and H ′′ = d 2 H dτ 2 . The Shannon entropy power for the conjugate heat equation is defined as follows N = N (g(τ ), u(τ )) = e 2 n H(g(τ ),u(τ )) .
(47)
Obviously, we have
This proves the NFW formula in Theorem 2.4. More precisely,
Note that dW dt ≥ 0. Hence d 2 N dτ 2 ≥ 0. This proves the convexity of the Shannon entropy power along the conjugate heat equation on the Ricci flow.
Moreover, if d 2 N dτ 2 = 0 holds at some τ = τ 0 , then we must have F = n 2τ , and dW dt = 0.
By Perelman's W -entropy formula (42), the second identity implies that M is a shrinking Ricci soliton
Ric
Taking trace on the both side, we have
Integration by parts yields
The proof of Theorem 2.4 is completed.
Entropy Isoperimetric Inequality on manifolds
In this section, as an application of the concavity of the Shannon entropy power for heat equation, we prove an entropy isoperimetric inequality on complete Riemannian manifolds with non-negative Ricci curvature or m-dimensional Bakry-Emery Ricci curvature and maximal volume growth condition. First, we consider the case of complete Riemannian manifolds with non-negative Ricci curvature. In this cas, the entropy power concavity inequality EPCI(0, n) (see Theorem 2.1)
is nonincreasing in t and hence lim In general case of complete Riemannian manifolds with the CD(K, m)-condition or (K, m)-super Ricci flows, we have the following entropy isoperimetric inequality. For all 0 ≤ s < t < ∞, we have e 2Kt Q(u(t)) ≤ e 2Ks Q(u(s)).
In particular, when K > 0, we have Q(u(t)) ≤ e −2Kt Q(u(0)).
The same conclusion holds on compact (K, m)-super Ricci flows as in Theorem 2.3.
Proof. This follows immediately from Theorem 2.1 and Theorem 2.3.
To end this part, let us mention that the entropy differential inequalities and the entropy power concavity inequalities in Theorem 2.1, Theorem 2.2 and Theorem 2.3 have been already proved in our 2017 preprint [20] . In [20] , we have also extended the Entropy Power Concavity Inequality (EPCI) for the Renyi entropy power to the porous medium equation associated with the Witten Laplacian on complete Riemannian manifolds with CD(K, m)condition and on (K, m)-super Ricci flows. Due to the limit of space, we will put the nonlinear part into a forthcoming paper. We would like also to mention that Wang and Zhang [36] proved the entropy concavity inequality for the p-Laplacian equation on compact Riemannian manifolds with non-negative Ricci curvature. Our work on EDI and EPCI is independent of [36] .
